Introduction
In this article we establish a connection between the Toda lattice defined for a real split semisimple Lie algebra g and the integral cohomology of a real flag manifold. We denote byǧ the real split Lie algebra with Cartan matrix given by the transpose of the Cartan matrix of g. Note that g =ǧ if g is simple and not of type B or C.
The main results establish a "partial dictionary"between objects related to the Toda lattice and objects associated to the flag manifold. Then we have on one side of this dictionary an integrable system, the Toda lattice associated to g and related objects, in particular, the set of singularities (blow-up points) of the trajectories of the Toda lattice and the algebraic varieties of the set of zeros of Schur polynomials giving the solutions of the nilpotent Toda lattice. On the other side of the dictionary we have the real flag manifoldǦ/B of the Lie groupǦ withǧ = Lie(Ǧ),B a Borel subgroup ofǦ, and other Lie-theoretic objects related to it, such as a maximal compact Lie subgroup K ofǦ and the rational cohomology ofǨ. In this setting of real split semisimple Lie groups, the flag manifold isǦ/B =Ǩ/Ť whereŤ is a finite group. Thus H * (Ǧ/B; Q) = H * (Ǩ; Q) althoughǦ/B andǨ have very different integral cohomology. Therefore one additional object which is connected to the real flag manifold is the cohomology ring H * (Ǩ; Q). In this paper we then derive certain surprising connections among the Toda lattice, a maximal compact Lie subgroupǨ ofǦ and a finite Chevalley groupǨ(F q ) over a field F q with q elements. These relations amount to a description number of blow-ups along the trajectory of the Toda flow (Proposition 6.4). The polynomialp(q) is recovered from the Toda lattice as a polynomial p(q) defined by an alternating sum of the number of blow-up points along trajectories of the Toda lattice (Definition 3.1). It is then shown in Theorem 6.5 that p(q) =p(q). The number d, in the end, has a simple Lie-theoretic description as the dimension of any Borel subalgebra of Lie(K(C)). This is due to Theorem 9.3.4 of [5] . Then our second main result is summarized as follows (which follows from Theorem 6.5 proved in Section 6.2): Theorem 1.2. The polynomialp(q) = q −r |Ǩ(F q )| given in terms of the order of the finite Chevalley groupǨ(F q ) can be recovered in terms of the blow-ups of the Toda lattice, that is, we have p(q) =p(q).
This theorem corresponds to a calculation of the cup product structure in Theorem 1.1 but over the rationals. This is due to the fact thatp(q) contains all the information on the cup product structure of the compact groupǨ.
Let us illustrate our main results by taking the simplest example g = sl(2; R), which also provides the basic structure of the general case. The sl(2; [11, 9] ). The Γ − has two connected components of the regular flows which are isolated by the singularity, called the Painlevé divisor marked by × in the Figure 1 . We then define graphs associated with those polytopes Γ ǫ , whose vertices are given by the fixed points, the end-points of Γ ǫ and with an edge ⇒ when the vertices are connected by the flow, i.e. no blow-up (see Definition 3.4 for more details). The Γ + gives a connected graph with one edge ⇒, and the graph of Γ − consists of two isolated vertices. We also assign the end-points (vertices) of Γ ǫ with the elements e and s 1 of the Weyl group W = S 2 , the symmetry group of order two, that is, the vertices are given by the orbit of the Weyl group (recall that the Toda flow defines a torus action on the flag manifold, and the compactified manifoldZ(γ) R is a smooth toric variety [8] ). In particular, the graph of Γ − is the same as the incidence graph for the real flag manifold SL(2; R)/B ∼ = S 1 , where the edge has the incidence number 2 originally proved in [7] (this is stated as Theorem 3.6 which uses Theorem 4.9).
We now explain the connection between the blow-up of the Toda lattice and the cohomology of a compact Lie group (SO(2) ∼ = S 1 in this case). Let us first consider the complexification C * = C \ {0} of this flag manifold; and then its reduction to positive characteristic k * q = k q \ {0} where k q is an algebraic closure of the finite field F q and q is a power of a prime. Consider then the set of F q points on this flag manifold. This is the number of elements in F q \ {0}, namely q − 1. Similarly, we can just consider the number of elements |S 1 (F q )|, that is, pairs (x, y) ∈ F q × F q satisfying the equation x 2 + y 2 = 1. The number |S 1 (F q )| gives a polynomial in q which can also be obtained cohomologically by considering the Frobenius map, F r q : k * q → k * q , z → z q whose Lefschetz number (alternating sum of the traces of A characteristic zero analogue of this positive characteristic construction can be given in this simple case. We consider the map: Φ q : S 1 → S 1 , z → z q , a map of degree q. Then we have
and now the number of fixed points is q − 1, i.e. the number of non-zero roots of z q = z, or as in the Lefschetz fixed point theorem, L(Φ q ) = Tr (Φ q ) * | H1(S 1 ;Q) − Tr (Φ q ) * | H0(S 1 ;Q) = q − 1 .
We now obtain this polynomial, given as a Lefschetz number, in terms of the singularities of the A 1 Toda flow. Assign to each vertex w in the graph of Γ − the number of singularities (blow-ups) counted along the flow starting from the top vertex e to the vertex w: We denote the number by η(w), so that η(e) = 0. This polynomial is introduced in Definition 3.1 as p(q) := − w∈S2 (−1) l(w) q η(w) = −((−1)q η(s1) + q η(e) ) = q − 1, which agrees with L(F r q ), that is, we have (Theorem 6.5)
If q is a power of an odd prime such that x 2 + 1 factors over F q , this polynomial also gives the number of F q points on SO(2) ∼ = S 1 , i.e.
This can be directly computed from the stereographic projection of the circle. Namely with x = 2s/(s 2 + 1), y = (s 2 − 1)/(s 2 + 1), then count the number of solutions s ∈ F q for x 2 + y 2 = 1. If s 2 + 1 = 0 factors over F q then there are q − 2 values of s that give rise to x, y in these formulas plus the point (0, 1). This gives a total of q − 1 points. Also note that the compact group S 1 ∼ = SO(2) is the maximal compact subgroup of G = SL(2; R) (Theorem 6.5). The main purpose of the present paper is to clarify the correspondence among those objects for the general case of g-Toda lattice with real split semisimple Lie algebra g.
We also mention some analytic structure of the Toda lattice in the connection of the blow-up with the degree of polynomial p(q): The solution (a 1 , b 1 ) can be expressed by the τ -function (see (2.6) and (2.7) for the details),
The τ -function, τ 1 (t), is given as follows: For the case a 1 > 0 (i.e. Γ + -polytope), the function τ 1 can be calculated by the companion matrix C γ of L with γ = λ 2 for a 0 1 = 1, τ 1 (t 1 ) = exp(tC γ )e 1 , e 1 = cosh(λt 1 ), where C γ = 0 1 λ 2 0 and e 1 = (0, 1) T (see (2.7) and also [10] ). Since there is no blow-up in this case, there is an edge between the vertices in the graph of Γ + (see Figure 1) . For the case a 1 < 0 (i.e. Γ − -polytope), we have
where e 2 = (0, 1) T . Thus the solution (a 1 (t), b 1 (t)) blows up at t 1 = 0. Near t 1 = 0, the τ 1 -function has the form, τ 1 = t 1 + ....., in which the first term is the Schur polynomial S (1) (t 1 ) (see (2.8) for the A l -Toda lattice). The number of zeros in the τ -functions gives the total number of blow-ups in the Toda flow from the top vertex to the bottom one. In the case of sl(2; R)-Toda lattice, this number equals to one which agrees with the degree of polynomial p(q) = q − 1. The agreement that the total number of blow-ups in the Toda flow is equal to the degree of the polynomial p(q) for corresponding Chevalley group K(F q ) is true for the general case. In Proposition 6.4, we give the explicit numbers for the general case. We also show in Proposition 3.2 that in all types of g except E and F the degree of the polynomial p(q) is given by the sum of the minimum degrees in the τ -functions near the point {p o } = ∩ l j=1 D j . We then conjecture that the degree is also equal to the number of real roots of the product of τ -functions (Conjecture 3.3). The number of the complex roots has been found to be the height |2ρ| where ρ is the sum of all the fundamental weights ( [1, 11] ).
The numbers η(w) of blow-ups along the Toda flow are introduced in Definition 2.10, and the maximum number is obtained by η(w * ) with the longest element w * . Our third main result is the following (Propositions 3.2 and 6.4): Finally we remark that in the simple example of SL(2; R), the connection with cohomology and representation theory of the group can be seen directly. We consider the de Rham chain complex on G/B ∼ = K/T ∼ = S 1 . Let F (S 1 ) and Ω(S 1 ) be the C-valued functions and 1-forms on G/B with a finite Fourier expansion on S 1 . The cohomology of S 1 appears from the chain complex M := F even (S 1 ) → Ω even (S 1 ) =:M involving only even powers of e √ −1θ . Following the general arguments in [7] , this is a map of sl(2; R)-modules and the two modules are principal series representations. Note that F even (S 1 ) consists of functions on G/B ∼ = K/T and contains constant functions as a trivial g-submodule and Ω even (S 1 ) which consists of 1-forms only contains the trivial g-module as a quotient. The structure of these modules can be described explicitly as well as the map in the chain complex. There are three irreducible modules C, D + , D − . The module C is one dimensional and corresponds to the constant functions; each of D ± is a discrete series representation. The modules D ± consist of functions involving linear combinations of e nθ √ −1 with sgn(n) = ±. We use labels q i/2 to distinguish submodules from quotients, on which the map of g-modules (coboundary) sends the quotient D + ⊕ D − of M to the submodule D + ⊕ D − ofM :
Note here that we have normalized the labels inM , so that D + ⊕ D − , which is in the image of the map, carries the same label in both modules. This map has q 0 C in the kernel and q 1 C as cokernel giving the cohomology of the circle:
. This corresponds to the polytope Γ − and the graph with no edges between e and s 1 (Theorem 3.6).
The filtration described (e.g.
is an example of a weight filtration and arises from a filtration via Frobenius eigenvalues (see [6] for a description of these filtration of principal series modules). The labels q i attached to the cohomology are Frobenius eigenvalues which appear when one considers a field of positive characteristic k, then replace k \ {0} instead of C * , and use etale cohomology with coefficientsQ m for appropriate q and m. The relation to the order of the finite group |SO(2; F q )| = q − 1 follows by considering the alternating sums of the trace of Frobenius in etale cohomology with proper supports.
There is another chain complex F odd (S 1 ) → Ω odd (S 1 ) which computes cohomology of G/B ∼ = S 1 with twisted coefficients. The coboundary here is an isomorphism, and therefore the rational cohomology with twisted coefficients is zero. This corresponds to the Γ + polytope and the graph e ⇒ s 1 . The edge ⇒ represents a coboundary and H * (S 1 ; L) = 0 for appropriate twisted coefficients L.
Preliminaries and notations
We now introduce some of the main objects needed to state our main resuls. We will use standard Lie group notation: B, B
* are a pair of opposite Borel subgroups in a split semisimple Lie group G, B = HN , B * = HN * , H a split Cartan subgroup, W the Weyl group. The Lie algebras corresponding to those are denoted as b = h ⊕ n and b * = h ⊕ n * . The group G is more carefully defined below.
2.1. The real flag manifold and the group G. Let g be real split semisimple Lie algebra, g C its complexification. We now consider any complex connected Lie group G(C) with Lie algebra g C . The real Lie subalgebra g corresponds uniquely to a connected Lie subgroup G.
We can now regard G(C) as an algebraic group and consider the group of real points G(R) containing G as a connected component. We have an algebraic group defined over a finite extension of Q. For any field k, we denote by G(k) the set of k points. This immediately makes sense when k = C or R, but as is pointed out below, by reducing to positive characteristic, we can also make sense of G(k) when k has characteristic of a prime p.
We recall thatǧ the Lie algebra whose Cartan matrix is the transpose of the Lie algebra g. The previous construction then will give rise to a connected groupǦ contained in the simply connected complex groupǦ(C). We also have flag manifolds B = G/B andB =Ǧ/B. Remark 2.1. Let G(C) be simply connected. Then the group Ad(G) is what is denoted G in [8] . The groupG = {Ad(g) ∈ Ad(G(C)) | Ad(g)g ⊂ g} is introduced in [8] because its split Cartan subgroup H R with Lie algebra h has exactly 2 l connected components (matching the 2 l polytopes arising from the Toda lattice). Then, using the work of Kostant in [15] , we showed in [8] that in the regular ad-semisimple case the isospectral manifold of the Toda lattice is embedded as an open dense set in H R . The connected components of H R can be pictured as the interior of polytopes Γ ǫ with vertices corresponding to the Weyl group W of g. For example the four hexagons in the case of A 2 (with blow-ups included) are identifiable with the connected components of the Cartan subgroup in SL(3; R) consisting of diagonal matrices (see also Figure 2 ).
We let K denote a maximal compact subgroup of G. It is convenient to think of K as the fixed point set of an involution θ (Cartan involution). Hence we consider an algebraic group endowed with an involution θ and K(k) consists of the θ fixed points of G(k).
Example 2.2. We consider G(C) = SL(n; C) =Ǧ(C), i.e. the set of all the n × n complex matrices A satisfying the polynomial equation, det(A) = 1. Then the complex solutions of det(A) = 1 define G(C). The group of real points is, of course, G(R) = SL(n; R). The involution θ is given by θ(A) = A * , the inverse of the transpose of A. We then have K = SO(n) as the set of matrices satisfying θ(A) = A.
2.2.
Reduction to positive characteristic. We will show how the Toda lattice and the structure of its blow-up points contains the cohomology of the real flag manifold and of the compact group K. It turns out that it also contains some additional structure which is present when the flag manifold is regarded over a field of positive characteristic. We then need to make sense of the main Lie-theoretic objects over a field F q with q elements. Notation 2.3. We denote k q =F q an algebraic closure of the field F q with q elements.
The algebraic groups considered above as well as the involutions θ are defined over a finite extension of Q. Therefore it is possible to reduce to positive characteristic and define an algebraic group defined over a field F q with q elements, where q is a power of a prime number p, p = 2. We then have the group G(k q ). The involution θ gives rise to an involution θ defined over F q and this leads to K(k q ), the points in G(k q ) fixed by the involution θ. We also obtain the finite Chevalley groups G(F q ) and K(F q ) by considering the subsets of F q points. These two finite groups are, respectively, the fixed points of the Frobenius map F r : G(k q ) → G(k q ) and F r : K(k q ) → K(k q ) which are reviewed in the example below.
Example 2.4. The equation det(A) = 1 has integral coefficients. The integral coefficients make it possible to reduce modulo a prime p. Let q be a power of a prime p and k q an algebraic closure of F q . We may then consider G(k q ) = SL(n; k q ) the solutions in k q of det(A) = 1. The Frobenius map is given by F r((a ij )) = (a q ij ). By reducing modulo p the involution θ(A) = A * we obtain SO(n; k q ) as the set of fixed points and then the finite group SO(n; F q ). In the simplest example, n = 2 and SO(n; F q ) consists of 2 × 2 matrices x y −y x satisfying x 2 + y 2 = 1 with x, y ∈ k q .
Remark 2.5. The number of points of SO(n; F q ) can be found in p.75 of [5] . The formula depends on the Witt index, the dimension of a maximal isotropic subspace. For instance over F 3 the Witt index of SO(2; F 3 ) is zero and |SO(2; F 3 )| = q + 1 = 4; however over characteristic 5 there is an isotropic vector space since 1 2 + 2 2 = 0. In this case |SO(2; F 5 )| = q − 1 = 4. By extending F 3 to F 3 2 (adding √ −1) the number of F q points becomes q − 1. In general we have |SO(n + 1; F q )| = |SO(n; F q )| × |S n (F q )| (with S n the sphere given by
. However we find that for q = 3, |S 5 (F q )| = 252 = q 2 (q 3 + 1) and for q = 5, |S 5 (F q )| = 3100 = q 2 (q 3 − 1). This gives two different formulas for |SO(6; F q )|. This is because when q = 3 one obtains a group of type 2 A 3 while q = 5 gives a group of type A 3 (see [5] ). The problem is the same as in the case of SO(2; F q ) and it disappears by considering q 2 for q = 3. We illustrate the computation of |S n (F q )| when √ −1 ∈ F q by doing the case of n = 2. In particular we compute |SO(3; F q )|: Using the formulas for the stereographic projection;
. This produces q 2 − (q − 1) points. We now must compute the "north pole"points, i.e. all the (x, y, 1) in the sphere. We then have x 2 +y 2 = 0 and thus for y = 0, x = ± √ −1y, that is, 2(q−1) points. Adding (0, 0, 1) we obtain a total of 2(q−1)+1 = 2q−1 "north pole"elements. We obtain a total of q 2 − (q − 1) + 2q − 1 = q 2 + q = q(q + 1). Thus, for example, SO(3;
We now introduce the "complex version of the real flag manifold". Consider the K(C)-orbit O o which is the unique open dense orbit in the complex flag manifold B C = G C /B C . This orbit has the homotopy type of B = G/B and can be regarded as a complex version of the real flag manifold B. This is the object which we actually study, not just over C but also over a field of positive characteristic. We also consider all the K(C)-equivariant local systems L over O o . These local systems contain the information to compute integral cohomology of the real flag manifold ( [7] ). * Example 2.6. Let G(k) = SL(2; k). We consider the Cartan involution θ given by θ(g) = 1 0 0 −1 g 1 0 0 −1 . Therefore K(k) as the set of fixed points of θ(g) = g consists of the diagonal matrices diag(z, z −1 ) | z ∈ k * . The choice of K corresponds to considering the subgroup SU (1, 1) of SL(2; C) rather than SL(2; R). The flag manifold is P 1 = k ∪ {∞} and the action of
This orbit has the homotopy type of the real flag manifold of SU (1, 1), namely a circle S 1 . Take k = k q and note the map given by F r(z) = z q . The fixed points are the F q points. The map F r then induces multiplication by q on H 1 (k q \ {0};Q m ) (etale cohomology).
2.3. The Toda lattice. Here we present the background information on the Toda lattice: The generalized (nonperiodic) Toda lattice equation related to real split semisimple Lie algebra g of rank l is defined by the Lax equation, ( [3, 15] ),
where L is a Jacobi element of g and A is the n * -projection of L, denoted by Π n * L,
Here {h αi , e ±αi } is the Cartan-Chevalley basis of g with the simple roots Π = {α 1 , · · · , α l } which satisfy the relations,
where (C i,j ) is the l × l Cartan matrix of g. The Lax equation (2.1) then gives
The integrability of the system can be shown by the existence of the Chevalley invariants, 
where ∇ is the gradient with respect to the Killing form, i.e. for any
The set of commutative equations is called the Toda lattice hierarchy. Note that (2.3) is the first member of the hierarchy, i.e. t = t 1 . Then the real isospectral manifold is defined by
The manifold Z(γ) R can be compactified by adding the set of points corresponding to the singularities (blow-ups) of the solution. The compactification is obtained through the companion embedding, [11, 9] ). Then the compact manifoldZ(γ) R is described by a union of convex polytopes Γ ǫ with ǫ = (
Each polytope Γ ǫ is expressed as the closure of the orbit of a Cartan subgroup in the flag manifold, i.e.
, and the Cartan subgroup is given by the orbit,
In particular, the polytope Γ −...− , denoted simply as Γ − , is given by
where C γ is the companion matrix of L and w * is the longest element of the Weyl group W . All Γ ǫ are the same polytope with the vertices given by the orbit of Weyl group (see [2] ). Each Γ ǫ has a unique intersection with the Painlevé divisors (see below and [9] ). Thus in an ad-semisimple case with distinct real eigenvalues, the compact manifoldZ(γ) R is a toric variety, and the vertices of each polytope are labeled by the elements of the Weyl group (see Figures below for the examples of Γ ǫ for types A 1 , A 2 and G 2 ).
The τ -functions and Painlevé divisors.
The solution of the Toda lattice is obtained by the τ -functions, which are defined by (2.6)
where a 0 k are some constants (those are obtained from (2.3)). The τ -functions are given by [11] (2.7)
Here v ωj is the highest weight vector in the fundamental representation of G, and ·, · is a pairing on the representation space. The blow-up points are given by the zeros of the τ -functions, τ j (t 1 , . . . , t l ) = 0 for some j ∈ {1, . . . , l}. We then define the Painlevé divisors as the sets of zeros of τ -functions:
The D J can be also described by the intersection with the Bruhat cell N * w J B/B with the longest element w J of the Weyl subgroup W J = s j | j ∈ J ( [11, 1] ). In particular, the divisor D {1,...,l} is a unique point, denoted as p o , in the varietyZ(γ) R , and it is contained in the Γ − -polytope (see [10] ).
In the case of A l -Toda lattice, one can express the geometric structure of the divisor D 0 := ∪ l j=1 D j as an algebraic variety near this point p o (other cases including B l and C l are also discussed in [10] ): Setting this point as t = (0, . . . , 0) ∈ R l , the τ -functions are given by the following expansion around this point (use (2.7) with v ωj = e 1 ∧ · · · ∧ e j and {e k } the standard basis of R l ),
where S (i1,...,i k ) with 1 ≤ i 1 < · · · < i k ≤ l is the Schur polynomial defined as the Wronskian determinant with respect to the t 1 -variable,
Here h j (t 1 , . . . , t l ) are complete homogeneous symmetric functions defined by
. . , t l ) with h n = 0 when n < 0.
Explicitly we have (see [17] ), (2.9)
In particular, S (k) = h k . Those Schur polynomials S (l−k+1,...,l) are the τ -functions for the nilpotent Toda lattice for A-type [10] , and the Young diagram associated with S (l−k+1,...,l) is the rectangular box with k-stacks of (l − k + 1)-horizontal boxes. Then the degree of the τ k as a polynomial of t 1 is k × (l − k + 1). The sum of those degrees gives the height |2ρ| where ρ represents the sum of all the fundamental weights ω j [11] . Then the geometry of the divisor D 0 = ∪ l j=1 D j , the union of the Painlevé divisors D j = {τ j = 0} near the point p o , can be expressed as the product of τ -functions, (2.10)
where each F k (t 1 , . . . , t l ) is a degree k homogeneous polynomial of (t 1 , . . . , t l ). The algebraic variety V := {F d = 0} defines the tangent cone at the point p o , and the degree d is the multiplicity of the singularity of V at p o . The degree d is also related to the total number of blow-ups along the trajectory of the Toda flow (Definition 3.1). In this article, we compute the number d and express it as the number of F q -points of a finite Chevalley group (Proposition 6.4); or equivalently as the dimension of any Borel subalgebra of Lie(Ǩ(C)) (see [5] ). 
Action of the Weyl group on the signs.
Here we give an algebraic description of the blow-ups, so that one can compute the number of blow-ups in the Toda flow: The following action of the Weyl group W on signs describes how the signs of the functions a j for j = 1, . . . , l change when a i blows up.
Definition 2.9. (Proposition 3.16 in [8] ) For any set of signs ǫ = (ǫ 1 . . . ǫ l ) ∈ {±} l , we define W -action on the signs as follows: A simple reflection s i := s αi ∈ W acts on the sign ǫ j by
We also define the relation ⇒ between the vertices of the polytope Γ ǫ as follows: if ǫ i = + then we write ǫ si =⇒ ǫ ′ where ǫ ′ = s i ǫ. We also write w ⇒ ws i (see Figure 1 ).
Thus the sign change is defined on the group character χ αi with ǫ i = sgn(χ αi ) (recall s i · α j = α j − C j,i α i ). We here identify the sign ǫ i as that of a i , since the functions a k are given by (2.6) and the τ -functions are given by the fundamental weights ω j in (2.7), which relate to the equation
Under the action of the Weyl group, not every simple reflection s i changes the sign ǫ. The following is an alternative way to measure the size of w which only takes into account simple reflections that change the sign ǫ, that is, a trajectory of a Toda lattice having a blow-up point. These numbers will later reappear in the context of the computation of certain Frobenius eigenvalues.
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Figure 2. The four hexagons Γ ǫ associated to the A 2 -Toda lattice. In each Γ ǫ , the Painlevé divisors D j are indicated by the solid curves for the blow-ups of a 1 (i.e. τ 1 = 0) and the dashed curves for the blow-up of a 2 (i.e. τ 2 = 0). The boundaries of the hexagons describe the subsystems given by a i = 0 for i = 1, 2. Each hexagon is divided by the Painlevé divisors into connected components, e.g. Γ +− , Γ −+ have two, and Γ −− has four connected components. The Toda flow in t 1 -variable is shown as the dotted curve starting from the vertex marked by the identity element e, and ending to the vertex by the longest element w * = s 1 s 2 s 1 . The numbers in the polytopes indicate η(w, ǫ), the number of blow-ups along the Toda flow. The signs in each connected components in Γ ǫ represent the signs (sgn(a 1 ), sgn(a 2 )), while ǫ in Γ ǫ denotes the signs of (a 1 , a 2 ) in the connected component including the top vertex e.
Now the following definition gives the number of blow-ups in the Toda orbit from the top vertex e to the vertex labeled by w ∈ W : Definition 2.10. For a reduced expression w = s j1 · · · s jr and ǫ ∈ {±} l , we define the number,
Namely, for the sequence of signs as the orbit given by w-action,
η(w, ǫ) is the number of → which are not of the form si =⇒ as in Definition 2.9. For example, if ǫ = (+ . . . +), then η(w, ǫ) = 0, ∀w ∈ W . The number η(w * , ǫ) for the longest element w * gives the total number of blow-ups along the Toda flow in Γ ǫ -polytope. Whenever ǫ = (− . . . −) we will just denote η(w, ǫ) = η(w).
Note that each reduced expression of w corresponds to a path following Toda lattice trajectories along 1-dimensional subsystems leading to w. Each 1-dimensional subsystem is equivalent to A 1 -Toda lattice discussed in Introduction. It can be shown that η(w, ǫ) is independent of the reduced expression (Corollary 5.2). Hence the number of blow-up points along trajectories in one-dimensional subsystems in the boundary of the Γ ǫ -polytope is independent of the trajectory (parametrized by a reduced expression).
We will find below a computation of η(w * ), the total number of blow-ups along the Toda flow, in terms of the polynomial computing the order of K(F q ). Alternatively, q −η(w * ) is given in terms of the Hecke algebra operators of Lusztig and Vogan in [16] 
Example 2.11. The cases of A 2 and G 2 are illustrated in Figures 2 and 3 . In these figures the four hexagons and 12-gons are shown as the Γ ǫ -polytope with the signs ǫ = (ǫ 1 ǫ 2 ). These polytopes glue together to form a compact isospectral manifoldZ(γ) R = ∪ ǫ∈{±} 2 Γ ǫ . In [9] , we have shown for example thatZ(γ) R gives a connected sum of two Klein bottles for A 2 , and a connected sum of five * Klein bottles for G 2 . Trajectories of the Toda lattice starts in the vertex associated to e and move towards the vertex corresponding to the longest element w * in the Weyl group. In the case of A 2 , the W -action on the signs ǫ = (ǫ 1 ǫ 2 ) gives s 1 (−−) = (−+), s 2 (−+) = (−+) and s 1 (−+) = (−−). From those we obtain η(e) = 0, η(s 1 ) = η(s 2 ) = η(s 1 s 2 ) = η(s 2 s 1 ) = 1 and η(s 1 s 2 s 1 ) = 2. Those give the numbers of blow-ups in the Toda flow (see Figure 2) .
In the case of G 2 , we obtain η(e) = 0, η(
The total number of blow-ups η(w * ) is then 4 (see Figure 3 ).
Before closing this Section, we mention a Poincaré duality relation satisfied by the numbers η(w): Proposition 2.1. The number η(w) satisfies the following Poincaré duality relation,
Proof. First note that w * (− . . . −) = (− . . . −). Also we note that w * w gives a path from w * to w * w which is dual to the path from e to w (recall w acts on ǫ as w − 1ǫ). Since (w * w)
Blow-ups and graph of incidence numbers
The strategy in the proof of our main results of constructing a partial dictionary between the objects in the Toda lattice and the flag manifold has the following order:
(1) First define the polynomial p(q) in terms of the blow-ups along the trajectory of the Toda flow (Definition 3.1). 3.1. The polynomial p(q). We now introduce polynomials in terms of the numbers η(w, ǫ) in Definition, 2.10 which play a fundamental role in this paper. We refer to these polynomials as the alternating sum of the blow-ups. For each Γ ǫ -polytope we then define p ǫ (q):
Definition 3.1. We define a polynomial, the alternating sum of the blow-ups,
where w * is the longest element of the Weyl group and l(w) indicates the length of w. When ǫ = (− . . . −), we simply denote this polynomial by p(q). The degree of p(q) gives the total number of blow-ups along the Toda flow, η(w * ) = deg(p(q)).
We then have:
Proof. If the ith component ǫ i of ǫ is +, then we have s i ǫ = ǫ and hence η(e, ǫ) = η(s i , ǫ) = 0. Now for any w ∈ W such that l(s i w) = l(w)+1, we have η(w, ǫ) = η(s i w, ǫ) (note that ǫ = s i ǫ and applying w −1 on both sides we also have w
This implies η(w, ǫ) = η(s i w, ǫ). Then for any w of minimal length in its coset in s i \W , the sum contains a pair q η(w,ǫ) and q η(siw,ǫ) = q η(w,ǫ) of opposite signs, and hence they do not contribute the sum. By writing the sum over W as a sum over the set of disjoint cosets of s i \W we obtain p ǫ (q) = 0.
Hence the only relevant polynomial here is p(q), the polynomial for the Γ − -polytope. This proposition corresponds under our dictionary to the fact that the rational cohomology of K and B = K/T actually agree. Recall that we are dealing only with the case when the Lie algebra is split and the group T is then a finite group. The polynomial p ǫ (q) corresponds, under our dictionary, to a Lefschetz number for the Frobenius action over a field of positive characteristic for cohomology with local coefficients. When q = 1 these polynomials all vanish, including p(q). This reflects the fact that the Euler characteristic of K is zero.
As we will explain below that the numbers η(w, ǫ) are deeply tied up with the cohomology of the flag manifold. The polynomial p(q) under our dictionary, contain all the information regarding the cohomology ring of the compact Lie group K.
Example 3.2. From Figures 2 and 3 , we note that the numbers η(w, ǫ) are constant on the connected components in a given Γ ǫ -polytope. The polynomials p(q) that are obtained from (3.1) by counting η(w) are p(q) = q 2 − 1 for type A 2 , and (q 2 − 1) 2 for type G 2 . The A 3 example is a bit more complicated but it gives the same polynomial p(q) = (q 2 − 1) 2 obtained in the G 2 case (see Figure  5 below). The reason given earlier is that K is in both cases essentially SU (2) × SU (2). This will become clear when the connection with K is made below.
We are also interested in the degree of the polynomial p(q), i.e. η(w * ). One reason for this is the following (see also below Eq. (2.10)): Furthermore, the degree η(w * ) also gives the number of real roots of the Schur polynomials associated to the nilpotent Toda lattices (see [10] for the nilpotent Toda lattices). * The first part of the conjecture can be verified directly for the Toda lattice associated with any Lie algebra of the classical type or type G 2 by counting the minimal degrees of Schur polynomials, which are the leading terms of the τ -functions near the point p o : First note that the τ -functions for the nilpotent Toda lattices are obtained from (2.7). Then find explicit forms of the highest weight vectors and the companion matrix (the regular nilpotent element) for each algebra. The following is the result based on the nilpotent Toda lattices:
In the case of A l -Toda lattice, the τ -functions are given by the Schur polynomials in (2.8), i.e. τ k (t 1 , . . . , t l ) = (−1)
The minimal degrees of those Schur polynomials are given as follows:
• For l even, the minimal degrees of τ j , j = 1, . . . , l, are given by In the case of B l -Toda lattice, the τ -functions are given by
where h k are given in (2.9) with t 2k = 0 for all even parameters (see [10] ). Then we have:
• For l even, the minimal degrees are given by 2, 2, 4, 4, . . . , l − 2, l − 2, l, l 2 .
(e.g.
2 .
• For l odd, the minimal degrees are 2, 2, 4, 4, . . . , l − 1, l − 1,
2 . In the case of C l -Toda lattice, the τ -functions are
Again one takes t 2k = 0 for h n . Then the minimal degrees are given by 1, 2, 3, . . . , l − 1, l .
(which is the same as B l -case).
In the case of D l -Toda lattice, the τ -functions are given as follows:
• For l even, they are given by, for k = 1, . . . , l − 2,
The τ l−1 and τ l are given by (t 1 , t 3 , . . . , t 2l−3 , s))
Here the even parameters are all zero t 2k = 0, and s is a flow parameter associated with the Chevalley invariant with degree l. Counting the minimal degrees of the τ -functions, we have
• For l odd, the τ -functions are given by, for k = 1, . . . , l − 2,
The last two τ -functions are
and
Now the minimal degrees of the τ -functions are
Then we have d =
2 . In the case of G 2 , we have
Here the parameters are only t 1 and t 5 and all others take zero. The minimal degree is then 2 for each τ -function, i.e. τ 1 ∼ t 1 t 5 and τ 2 ∼ t 2 5 , and we have d = 4. We can summarize these computations in the following: Proposition 3.2. Let g be a split semisimple Lie algebra not containing factors of type E or F .
The multiplicity d of the singularity at p o , given as the minimal degrees of Schur polynomials in (2.8), is the dimension of any Borel subalgebra of Lie(Ǩ(C)). Moreover, d is also the degree of the polynomialp(q)
Proof. The statement concerning the dimension of any Borel subalgebra follows case-by-case from the explicit computations that are listed above. This relies on an approximation near p o of the tau functions in the semisimple case by the tau functions in the nilpotent case (given by Schur polynomials). One also needs the list of groups K that appear in each case. This is provided, for example, in the satement of Theorem 6.5. The second statement uses a formula for the sum of the degrees of basic invariant polynomials. This sum gives the degree of the polynomialp(q) = q −r |Ǩ(F q )|. This formula is Theorem 9.3.4 of [5] .
In Proposition 6.4, those numbers d are shown to be also the degrees η(w * ) of p(q). Note that d is the multiplicity of a singularity and η(w * ) is defined differently, as the maximal number of blow-ups encountered along the Toda flow, counted along one dimensional subsystems. These polynomials p(q), the alternating sum of the blow-ups, are then shown to agree with the polynomialsp(q). Also notice that the minimal degree for each τ -functions is quite similar to each degree d i of the basic * W -invariant polynomial of the Chevalley group K (see [5] or Theorem 6.5 below). We did not compute the exact relation between those degrees, but we expect that each degree d i is related to the number of real intersection points on the tangent cone V = {F d = 0} defined in (2.10) with a linear line corresponding to the t 1 -flow of the Toda lattice. This may be stated as deg(p(q)) = Max , c 2 , . . . , c l ) | c = (c 2 , . . . , c l ) ∈ R l−1 }. It is interesting to note that the degrees d i and the minimal degrees of τ -functions are the same for the cases having the same ranks, l = rank(g) = rank(K), i.e. the cases of B, C and D l with l even (see Theorem 6.5).
3.2.
The graphs associated to the blow-ups. The following graph G ǫ was originally motivated by the problem of computing the number of connected components in the Γ ǫ -polytope. This problem is analogous to the problem of computing the intersection of two opposite top dimensional Bruhat cells in the case of a real flag manifold (e.g. see [21, 19, 22] ). Here we were counting the number of connected components appearing in the intersection (N * B/B) ∩ (G Cγ w * B/B) where G Cγ is defined in (2.5) (note in particular, when γ = 0 (nilpotent case), G C0 ⊂ N ). Also note that the Painlevé divisor D J := ∩ j∈J D j for J ⊂ {1, . . . , l} corresponds to the N * -orbit, N * w J B/B, where w J is the longest element of the subgroup W J := s i | i ∈ J (see [11, 9] ). We then observed that in all examples this was the graph of incidence numbers for a real flag manifold, observation which then started the present study.
Definition 3.4. For a fixed ǫ = (ǫ 1 . . . ǫ l ), we associate a graph G ǫ to the blow-ups of the Toda lattice. The graph consists of vertices labeled by the elements of the Weyl group W , i.e. the vertices of the Γ ǫ -polytope, and oriented edges ⇒. The edges are defined as follows: For any w 1 , w 2 ∈ W , there exist an edge between w 1 and w 2 ,
Note that if there exists a path from w 1 -vertex to w 2 -vertex without crossing a Painlevé divisor (i.e. no blow-up), then we expect to have the edge, w 1 ⇒ w 2 . Namely, in this case, w 1 ⇒ w 2 means that the vertices associated to w 1 and w 2 belong to the same connected component of the polytope when blow-ups are removed. In particular this implies that the number of connected components, say N c , in the negative polytope Γ − is bounded below by the number of connected component, say N g , of the graph G; i.e. we expect N g ≤ N c . For type A l we have directly verified the equality N c = N g for l = 1, 2, 3, 4 (N g = N c in A 3 can be obtained from Figures 4 and 5 ) , we expect the equality to be true for all l, and in the negative polytope Γ − . However, for the case of B 3 , we have N c = 18 and N g = 17. Finding the precise numbers of N c and N g is a very interesting problem. We can classify the connected components in the negative polytope by dividing them into families according to the signs of a i i = 1, . . . , l (see Figures 2 and 3) . If we consider only negative components, that is, components where a i < 0 for all i, then computations suggest that there are exactly 2 g negative components with g := rank(Ǩ). This is the sum of all the Betti numbers ofǨ. This formula works also in B 3 and "explains"the discrepancy between N c and N g in this case.
Summarizing: in many cases the graph G ǫ accomplishes the job of joining together in its connected components exactly those vertices w of the polytope Γ ǫ belonging to the same connected components. This will be the case in the example considered below. 
Here we have also listed the monomials q η(w) (in the variable q) associated to representatives of the integral cohomology (w → η(w) → q η(w) ). As already noted, the vertices of the hexagon Γ −− belonging to a connected component in Figure 2 form a connected component of this graph (see also Figure 1 ). This graph classifying connected components in the hexagon minus the blow-ups agrees with the graph in p.465 of [7] which is defined very differently in terms of incidence numbers. The graph of incidence numbers gives rise to a chain complex by replacing the edges ⇒ with multiplication by ±2,
Here w is the Bruhat cell associated to the element w ∈ W . The only non-zero map is δ 1 given by a diagonal matrix with 2's in the diagonal corresponding to the ⇒. The integral cohomology that results is
Over the rationals this just gives the cohomology of K = SO(3) which can be written as the exterior ring with one generator x 1 of degree 2, i.e. H * (SO(3); Q) = Λ(x 1 q 2 ). The alternating sum of the q η(w) produces the polynomial p(q) = q 2 − 1. Now p(q) multiplied by q r with r := dim(K) − deg(p(q)) = 1 gives the number of points of SO(3) over a field with q elements, i.e. q r p(q) = |SO(3; F q )| (q is a power of an odd prime p, and r is the number of positive roots associated with the group K, [5] ). The explanation for this is that the q η(w) listed are Frobenius eigenvalues in etale cohomology of the appropriate varieties reduced to a field of positive characteristic (see p.465 of [7] ). When this is taken into account we see that, in fact, more than the cohomology of K/T or K, we are obtaining etaleQ m cohomology over a field of positive characteristic, including Frobenius eigenvalues. All are derived from the structure of the Toda lattice and its blow-up points. This is analogous to the situation described in Section 6.2 for the case of A 3 .
If we start with ǫ = (−+) then we obtain the edges e ⇒ s 2 , s 1 ⇒ s 2 s 1 , s 1 s 2 ⇒ s 1 s 2 s 1 . This time the vertices of the hexagon Γ −+ belonging to a connected component in Figure 2 form a connected commponent of this graph. This graph now corresponds to the graph of incidence numbers computing cohomology with local coefficients. The local system can be described by the signs (−+). The − sign indicates that along a circle in G/B that corresponds to s 1 , the local system is constant, and the second sign + indicates that along a circle corresponding to s 2 , it is non-trivial. This can be made precise below and is an important step towards the dictionary. The cohomology one obtains from this graph associated to Γ −+ is the following:
Here we did not list the powers q η(w,−+) but clearly p −+ (q) = 0 (Proposition 3.1), which implies that the rational cohomology with twisted coefficients L is zero. Similarly we have the same results for Γ +− and Γ ++ .
In the case of a Lie algebra of type A 3 we obtain the graph G in Figure 4 . This graph corresponds to the polytope in Figure 5 as separated into connected components by the divisors shown. To determine the number η(w) for any given w it is enough to go from e to w along any path along * [123121] w = * Figure 4 . The graph G of the real flag manifold for type A 3 . The Bruhat cells N wB/B are denoted by [ij . . . k] for w = s i s j . . . s k . The incidence numbers associated with the edges ⇒ are ±2 (see also Example (8.1) in [7] ). There are 10 connected components in this graph corresponding to the 10 connected components in Γ − after blow-up points are removed. Figure 4 can then be obtained from this Figure. the boundary corresponding to a reduced expression w = s n1 · · · s nr and count the number of intersections with the divisors. In Figure 5 , we show the path following the expression w * = [123121], i.e. e → s 1 → s 1 s 2 → s 1 s 2 s 3 → · · · → w * , with the arrows on the edges of the polytope.
We then state the following theorem showing the equivalence between the connected components in the polytopes Γ ǫ and the graphs G ǫ of the incidence numbers defined in [7] . A proof of the theorem will be given in Section 5.
Theorem 3.6. The graph G is the graph of incidence numbers for the integral cohomology of the real flag manifoldB in terms of the Bruhat cells. In general, eachǨ-equivariant local system L oň B corresponds to an ǫ and G ǫ is the graph of incidence numbers for cohomology ofB with twisted coefficients in L.
Remark 3.7. In general there may be some signs ǫ such that noǨ-equivariant local system L corresponds to it. For instance if G = SL(4; R) this is the case. By considering the (possibly disconnected) groupG = Ad(SL(4; R) ± ) (see Remark 2.1) this difficulty disappears; this is mostly due to the fact that H R , the Cartan subgroup ofG, has 2 l connected components which are not related by central elements.
Real flag manifold K/T and topology of K
For each real split simple Lie algebra g we have defined a connected Lie group G and a maximal compact Lie subgroup K (fixed point sets of a Cartan involution θ). Moreover in the appropriate context of algebraic groups, all these objects can also be considered over a field k, an algebraic closure of a finite field F q with q elements. We also recall that the real flag manifold is first replaced with a complex manifold O o , a K(C)-orbit in the complex flag manifold B C .
We now consider the K-equivariant local systems on G/B and O o which arise from the volume forms on the Bruhat cells. These determine the incidence numbers in a chain complex that computes integral cohomology of G/B in [7] . The tangent space of the Bruhat cell associated to an element w ∈ W is given by wn * ∩ n. The cotangent space then corresponds to wn ∩ n * . Now Λ l(w) wn ∩ n * represents a volume form on the Bruhat cell. From here we can also obtain l(w)-forms on G/B which are part of a de Rham chain complex. The action of T on each Λ l(w) wn ∩ n * determines a K-equivariant local system. These local systems arising from those forms associated to Bruhat cells determine the incidence numbers with respect to (dual) of Bruhat cells. Moreover the local systems determined by the Λ l(w) wn ∩ n * correspond to the signs ǫ i = sgn(a i ) on the connected components of the Γ − -polytope. 
and T acts trivially on X e1−e2 = 0 1 0 0 .
The two local systems described correspond to the connected components in Γ − for the sl(2; R) case of the example in Introduction. The non-trivial local system corresponds to the single component Γ + . Tensoring with Λ l(w) wn ∩ n * produces the signs in Γ + , we obtain for w = s 1 , ǫ 1 = sgn(a 1 ) = + corresponding to no blow-ups and to a non-trivial local systems in G/B.
We now make precise the correspondence between the various polytopes Γ ǫ and the computation of cohomology with local coefficients of G/B.
4.1.
Volume forms on the Bruhat cells and local systems. In [7] a chain complex of differential forms analogous to the de Rham chain complex is used. The differential forms are sections of the line bundle on the flag manifold K/T induced by the action of T on Λ l(w) wn ∩ n * . The approach in [7] is to relate the boundaries in the chain complex to the representation theory of the non-compact Lie group G acting on these sections. Recall that a K(C)-equivariant local system on O o is given by a character of T . If H + is a split Cartan subgroup in G with connected component of the identity, then H/H + is isomorphic to T . Therefore, since the Weyl group W acts on both H and H + , it also acts on T . From here it follows that W acts on the characters of T . Given χ : T → {±1} character of T , we denote w(χ) the character obtained by applying w to χ. We will define a function ǫ associating to each K-equivariant local system L onB a list of l signs ǫ. The action of W on the characters of T is just the action of W on signs which was introduced earlier (Definition 2.10).
Definition 4.2. Given the K(C)-equivariant local system L corresponding to a character of T given by χ(L) we define L w to be the K(C)-equivariant local system on O o determined by the action of T on χ(L) ⊗ Λ l(w) wn ∩ n * .
We now consider a parabolic subgroup P i with complexification P i (C) associated to a simple root α i containing the Borel subgroup B of G. There are projections: π i : G(C)/B(C) → G(C)/P i (C) and π i : G/B → G/P i . Then restricting the local system L to the fibers of π i can be described as follows: Recall that the fibers of π i are P 1 , that is, the flag manifold obtained from SL(2; C). Each * simple root α i gives rise to a Lie group map, Φ αi : SL(2; R) → G. We consider Φ αi (
Similarly we have maps Φ wαi for w ∈ W . 
Proof. The local system L w is trivial along the fiber of π i containing x w if and only if the character of T on χ(L)⊗Λ l(w) wn∩n * is trivial on Φ wαi ( −1 0 0 −1 ). Translating by w −1 everything we obtain our statement. We now recall that T = K ∩ B = K(C) ∩ B(C) is a finite group, and the characters χ : T → {±} parametrize K(C)-equivariant local systems. We will now find a more convenient of expressing these local systems in terms of l signs which keep track of their structure along certain directions given by the simple roots.
Note here that a constant sheaf L corresponds to a sign ǫ(w, L) = (− . . . −). With this parametrization we will have a correspondence in which a polytope Γ ǫ corresponds to the choice of a local system L whose sign ǫ(e, L) = ǫ. The signs of the a i appearing inside the polytope will agree with the various ǫ(w, L) derived from the volume forms on the Bruhat cells for a fixed L (e.g. the trivial sheaf L) in the dual flag manifoldB. This is shown in Proposition 5.1. There we show that for fixed L the set of signs {ǫ(w, L) | w ∈ W } is a W -orbit. Since the signs {(sgn(a 1 ) . . . sgn(a l ))} corresponding to the polytope Γ ǫ(w,L) are also given by the same W -orbit, a correspondence is established between local systems associated to a fixed set of local coefficients L, and the signs appearing from the Toda lattice associated to a fixed polytope Γ ǫ(w,L) . This is part of the "partial dictionary".
4.2.
The graphs of incidence numbers of the real flag manifold. We first review the computation of integral cohomology of G/B with certain K-equivariant local coefficients:
Recall that there is filtration by Bruhat cells with B j := ∪ l(w)≤j N wB/B,
Then there are coboundary maps δ :
, B s ; Z) which give rise to a chain complex computing the cohomology of G/B (as in [18] Theorem 39.4). We have 
The incidence numbers are known to be 0 or ±2 (see [7] ). We now can rewrite Definition 7.4 b) of [7] for the real split cases in terms of these signs. This will lead to the definition of an oriented graph whose vertices are the elements of W . Definition 4.5. We fix L and recall that the sign associated to L w is ǫ(w, L) = (ǫ 1 . . . ǫ l ). We then define w L =⇒ ws i if and only if ǫ i = +, that is, the local system L w is nontrivial along the fiber of π containining x w . In addition, if x increases the length of both w and ws i and w L =⇒ ws i , then we also have an edge wx L =⇒ ws i x.
We now define the number z(w, L), which is given in a way that is parallel to Definition 2.10 for the η(w, ǫ) computing the number of blow-ups along the Toda flow. However the ǫ keeping track of a polytope Γ ǫ is replaced with ǫ(e, L) keeping track of a local system, and each ⇒ is replaced with L =⇒ i.e. a non-zero incidence number. Hence in z(w, L), we take into account not simple reflections that represent the crossing of a blow-up, but rather simple reflections that give a non-trivial coboundary. Definition 4.6. For any reduced expression w = s j1 · · · s j l(w) , we have s j1 · · · s jr → s j1 · · · s jr s jr+1 for r = 1, · · · , l(w) − 1. We let z(w, L) denote the number of all → obtained as r varies over r = 1, . . . , l(w) − 1 which are not of the form
Remark 4.7. The numbers z(w, L) have the following algebraic description ( [6, 7] ) . Consider the set D of all K(C)-equivariant local systems on all the K(C)-orbits in G(C)/B(C). Then as in [16] , the set M of formal linear combinations of elements in D with coefficients in Z[q,
, becomes a module over the Hecke algebra
, that is, the set H of formal linear combinations of elements in W with coefficients in Z[q, q −1 ]. If we denote by T w an element w viewed inside H, then the action of T w on any local system is determined by formulas describing the action of the T si L for the simple roots s i . These formulas are given in p.371 of [16] and if w = s j1 · · · s j k is a reduced expression and m ∈ M, then T w m = T sj 1 · · · T sj k m is independent of the reduced expression.
We now express z(w, L) in terms of the action of the Hecke algebra operators T w . If L ∈ D is a local system on O o , we have that T [6, 7] ). This coefficient is ±q −z(w,L) . This implies that z(w, L) is independent of the choice of a reduced expression (because T w is independent of a reduced expression). * , δ ± are sheaves supported on the points 0, ∞ respectively, and L is a non-trivial local system on C * . We have T s1 C = (q − 2)C + (q − 1)(δ − + δ + ) and T s1 L = −L. We now compute the numbers z(s 1 , ·) in terms of the Hecke algebra operators. In the Hecke algebra T −1
Thus the coefficient of C is −q −z(s1,C) with z(s 1 , C) = 1. We also have
Note that these numbers extracted from the Hecke algebra operators defined in [16] correspond to the number of blow-ups in the Toda lattice in the A 1 case as represented in Figure 1 (in Γ − , Γ + respectively). See Corollary 5.1 below for a general statement.
Finally, we note the connection with the sl(2, R) example in Introduction. By rewriting T
we recover the weight filtration of the module denoted F even (S 1 ) (replaceĈ C with C andĈ δ± with D ± and shift the weights there by q −1/2 ). The structure of the module Ω even arises from C, and the (irreducible) Proof. The argument follows from the formula in Remark 4.7 above expressing z(w, L) in terms of the action of a Hecke algebra operator T w , action which is independent of a reduced expression. The number q z(w,L) with q a power of a prime is also interpreted below (and in [7] ) as a Frobenius eigenvalue attached to a Bruhat cell, that is, attached to a Weyl group element w. Again from this second interpretation, it follows that the number z(w, L) is independent of a reduced expression. These two arguments are related because the formulas in p.371 of [16] ultimately arise from calculations that involve Frobenius eigenvalues.
We can now rewrite the description of the graph of incidence numbers in [7] as follows: * Proof. This theorem is proved in [7] in representation theoretic terms and corresponds to a similar result in [13] written in terms of different parameters. We give a geometric argument only in the case w ⇒ ws i . Consider B w ∪ B wsi a union of two N -orbits which can be seen as a circle bundle over B w . We fix a circle, a fiber of π i containing x w , and regard this set B w ∪ B wsi , this time as a bundle over this circle. The fibers correspond to copies of B w . By considering the volume forms Λ l(w) wn ∩ n * the bundle becomes a line bundle over a circle, that is, either a cylinder or a Möbius band. Determining the coefficient of the boundary of B wsi along B w then becomes a question about the triviality or non-triviality of this bundle. If the bundle is non-trivial then there is a change in the orientation of the volume form around the circle and this gives rise to a ±2. (action on root vector for e 1 − e 2 ). Since we are applying the character to e i = ±1, we can just write this character as χ(L) = e 1 e 2 . We then have s 1 (e 1 e 2 ) = e 1 e 2 , s 2 (e 1 e 2 ) = e 1 e 3 , s 2 s 1 (e 1 e 2 ) = e 1 e 3 , s 1 s 2 (e 1 e 2 ) = e 2 e 3 and s 1 s 2 s 1 (e 1 e 2 ) = e 2 e 3 . We write the characters of Λ l(w) n ∩ w −1 n * , and obtain, for w = e, n ∩ n * = 0 with χ e = 1; for w = s 1 , n ∩ s 1 n * = RX e1−e2 with χ s1 = e 1 e 2 ; for w = s 2 , n ∩ s 2 n * = RX e2−e3 with χ s2 = e 2 e 3 ; for w = s 1 s 2 , n ∩ s 2 s 1 n * = RX e2−e3 ⊕ RX e1−e3 with χ s1s2 = e 1 e 2 ; for w = s 2 s 1 , n ∩ s 1 s 2 n * = RX e1−e2 ⊕ RX e1−e3 with χ s2s1 = e 2 e 3 ; and for w = s 1 s 2 s 1 , n∩s 1 s 2 s 1 n * = RX e1−e2 ⊕RX e2−e3 ⊕RX e1−e3 with χ s1s2s1 = 1. 
, χ s1 (L) = e 1 e 2 ⊗ e 1 e 2 = 1, χ s2 (L) = e 2 e 3 ⊗ e 1 e 3 = e 1 e 2 , χ s1s2 (L) = e 1 e 2 ⊗ e 1 e 3 = e 1 e 2 = e 2 e 3 , χ s2s1 (L) = e 2 e 3 ⊗ e 2 e 3 = 1. χ s1s2s1 (L) = 1 ⊗ e 2 e 3 = e 2 e 3 . Therefore we obtain: ǫ(e, L)
Now the graph G L,B has the following edge: e L =⇒ s 2 . Since s 1 increases the length of both vertices we also must have s 1 L =⇒ s 2 s 1 and using that s 2 increases the length of both vertices s 1 s 2 L =⇒ s 2 s 1 s 2 . We obtain the second graph G (−+) discussed in Example 3.5.
Proof of Theorem 3.6
Now we give a proof of Theorem 3.6 which provides the connection between the Toda lattice and the cohomology of real flag manifold by showing that the graphs G ǫ are the graphs of the incidence numbers for cohomology of the flag manifoldB. Let us begin with the following Proposition:
Proof. We have n ∩ s i w −1 n * = n ∩ w −1 n * ⊕ RX αi , where X αi is a root vector. Therefore . Note that the action of s i on the signs in Proposition 5.1 is different from the action of s i on signs of the Toda lattice in Definition 2.9. The difference is that in the case of the Toda lattice with C j,i , the transpose of C i,j is involved; because of this, the Lie algebraǧ is involved. Thus the set of signs {ǫ(w, L) | w ∈ W } is the W -orbit of the signs ǫ(e, L) with the W -action defined with respect to the Lie algebraǧ (Definition 2.9). This is also the set of signs (sgn(a 1 ) . . . sgn(a l )) that occur in the polytope Γ ǫ(e,L) with respect to the Lie algebraǧ. For example, in the case in which g is a Lie algebra of type B, the signs in a polytope in the isospectral manifold of the Toda lattice correspond to a Lie algebra of type C.
The following proposition will then relate the Frobenius eigenvalues q z(w,L) appearing in the cohomology of B(k q ) with the numbersη(w, ǫ(L, w)) for the Toda lattice associated to the Lie algebraǧ.
Proposition 5.2. Assume that g is a semisimple real split Lie algebra then z(w, L) =η(w, ǫ(w, L)).
Proof. By Proposition 5.1 the set of signs {ǫ(w, L) | w ∈ W } keeping track of triviality or nontriviality of the local systems L w along certain fibers of π i is just the W -orbit of the sign ǫ(e, L). This is just the set of signs (sgn(a 1 ) . . . sgn(a l )) in the polytope Γ ǫ(e,L) for the Lie algebraǧ as noted above. We then note that the condition for w ⇒ ws i in Definition 2.10 that ǫ i = + corresponds to the non-triviality of the sheaf L w along the fiber of π i containing x w . From here it follows that z(w, L) =η(w, ǫ(w, L)).
We obtain the following expression for the numbersη(w, ǫ) in terms of Hecke algebra operators:
w −1 L in the module over the Hecke algebra in [16] (Remark 4.7) .
Proof. This follows from Remark 4.7 coupled with Proposition 5.2. In particular we recover the number of blow-ups η(s 1 , −) = η(s 1 ) = 1 and η(s 1 , +) = 0 in the sl(2; R) case from the action of the Hecke algebra operator T s1 as in Example 4.8. Proof. This follows from Corollary 5.1 or directly from Proposition 5.2 because the numbers z(w, L) are independent of a reduced expression of w (Proposition 4.2). It is possible to choose the group G so that all possible ǫ are of the form ǫ(e, L) (G in Remark 2.1 or in [8] ).
The following Proposition completes the proof of Theorem 3.6 (see Definition 3.4 for G ǫ ): ǫ(a, L) ). By Proposition 5.2, this is true if and only ifη(a, ǫ(e, L)) =η(as i , ǫ(e, L)), and moreover, if and only if the signs ǫ(a, L) and ǫ(as i , L) agree and the ith sign is + on both sides. Again by Proposition 5.2, since ǫ(ax, L) and ǫ(as i x, L) are obtained by applying x −1 to ǫ(ax, L) = ǫ(as i x, L), using the W -action we haveη(a, ǫ(e, L)) =η(as i , ǫ(e, L)) if and only ifη(ax, ǫ(e, L)) = η(as i x, ǫ(e, L)). Thus we conclude that whenever a) and b) are satisfied w 1 L =⇒ w 2 if and only if η(w 1 , ǫ(e, L)) =η(w 2 , ǫ(e, L)).
Note that under the correspondence between local K-equivariant local systems and signs L → ǫ(w, L), a trivial sheaf L corresponds to an element in W − . By Theorem 3.6 the vertices of the graph of incidence numbers belonging to W − are the only ones that may contribute to rational cohomology. *
Rational cohomology of K and p(q)
Here we first show that the number of blow-ups η(w) for each w ∈ W is given by the eigenvalues of the Frobenius map on the cohomology of flag manifold. We then show that the polynomial p(q) defined in Definition 3.1 is related to the order of Chevalley group K(F q ).
6.1. Frobenius eigenvalues and η(w). Let us consider a filtration,
given by intersection of O o with the N (C) cells inside G(C)/B(C). We obtain coboundary maps, Proof. This statement is obtained by expressing Proposition 9.5 in [7] in terms of new notation where local systems are expressed in terms of their signs ǫ(w, L). This corresponds to Corollary 5.1. The argument in Proposition 9.5 in [7] for the real split case reduces to the sl(2; R) case and, strictly speaking, gives Frobenius eigenvalues up to a sign ±. This choice of a sign corresponds to the two possibilities q − 1 or q + 1 for the number of points in SO(2; F q ). By assuming that F q contains √ −1, the formula for the number of points is fixed as q − 1, and thus the sign is fixed too as in Example 6.2 below, or the A 1 example given in Introduction .
The upshot of this is that the number of blow-ups η(w) associated to a vertex w in the Toda lattice and the Frobenius eigenvalue of [w] are necessary to diagonalize K and this introduces a difference between fields F q such that x 2 + 1 splits into linear factors and fields for which this is not the case. We have an action of SL(2; k q ) on P 1 which can be described with fractional linear transformations. Hence K acts as follows on z, x −y y x · z = xz−y yz+x . When z = 0 we obtain the orbit {r = −
and y = ± r √ 1+r 2 in the algebraically closed field k q . Therefore for any r such that r 2 + 1 = 0, we get a y and then an x = ± 1 − y 2 . Hence the set of r ∈ k q , the points in the orbit O o (k q ) which are not ∞, is given as the set {r | r 2 + 1 = 0}. We now compute the number of F q points (see the A 1 example in Introduction). There are two possibilities depending on the finite field F q : if r 2 + 1 = 0 in F q we obtain a contribution of q elements corresponding to all the possible values of r, and if we include the point ∞, we find q + 1 elements in O o (F q ). In the case when r 2 + 1 = 0 has two solutions, ± √ −1, we obtain q − 2 points from the possible values of r excluding these two roots, then taking into account the point ∞ we have a total of q − 1 points. These formulas corresponds to the following Frobenius eigenvalues, ±1 on H By using the Lefschetz Fixed Point Theorem applied to the Frobenius map to count the number of F q points and that the number |K(F q )| is given in p.75 of [5] , we obtain the following: Proposition 6.2. For any q, power of a prime p = 2 such that x 2 + 1 factors as product of linear terms, we have
Here W − is defined by
Proof. The cohomology ofǑ o is given in terms of a chain complex
Take L the trivial local system. Those w for which L w is trivial correspond to w ∈ W − . These are the w which contribute to the Betti numbers. We now recall that from the Lefschetz fixed point formula for F r the alternating sum is given by and multiplying by q dim(Ǩ) this previous expression. We write dim(Ǩ) = r 1 + η(w * ) and now w∈W (−1) l(w) q η(w) gives rise to q r1 w∈W (−1) l(w) q η(w * )−η(w) . By Proposition 2.1 (η(w * w) = η(w * ) − η(w)), we obtain q r1 w∈W (−1) l(w) q η(w * w) . Since l(w * w) = l(w * ) − l(w), our expression becomes q r1 (−1) l(w * ) w∈W (−1) l(w * w) q η(w * w) . This is q r1 p(q). Therefore the alternating sum of the traces of F r in cohomology with proper supports is q r1 p(q). Using the Lefschetz fixed point formula for F r we conclude |Ǒ o (k q )| = q r1 p(q). • The fibration π i has fibers E x identifiable with P 1 and the fibration π o i has fibers E o x identifiable with C * = C \ {0}.
In the proof of the following proposition we use a sheaf-push-forward of the form f ! (see chapter VII of [12] ). Recall that this notation refers to a push-forward with compact supports. Moreover we consider derived functors (p.51 of [12] ), obtained by considering injective resolutions (or soft resolutions) and then applying the push-forward to it. The reason for using this construction here is that the ordinary cohomology of an a space X is obtained by applying a push-forward f : X → { * } (to a point), to a constant sheaf. More precisely, we consider the derived functors R s f * and apply them to a constant sheaf. If the push-forward is with proper supports, R s f ! , then one obtains * cohomology with compact supports. These two notions of cohomology are related by Poincare duality when X is a smooth algebraic variety (Theorem 2.6 in p.263 of [12] ). Proof. The fibration s : K(C) → K(C)/T has finite fibers and s * (1) is a direct sum of all K(C)-equivariant local systems on K(C)/T . Hence the rational cohomology of K is a direct sum of cohomology groups of K/T with twisted coefficients. To verify that H * (K/T ; Q) = H * (K; Q) then it suffices to show that rational cohomology of K/T with twisted coefficients L is zero.
The proof now becomes parallel, to the proof that p ǫ (q) = 0 when ǫ contains a positive sign ǫ i = +. In the proof of Proposition 3.1 a single arrow e ⇒ s i produces p ǫ (q) = 0. Here the non-triviality of a local system L corresponds to ǫ i = + for the sign ǫ = ǫ(e, L).
We have R , that is, the cohomology with proper supports of the local system L along a copy of C * = C \ {0}. This has now reduced the argument to a calculation in the flag manifold for A 1 , since a fiber E x of π i can be identified with P 1 and cohomology is along C * , a K(C)-orbit for K = SO(3) or SU (2). Denote π i | Ex = π x . Then we must compute R
. To show that this is zero for some i. It now suffices that L is non-trivial along the fiber (π o i ) −1 (x e ) for some i (again, corresponding to ǫ i = + with ǫ = ǫ(e, L) ). Since the rational cohomology of such a non-trivial local system along C * is zero, we have that R s (π o i ) ! L = 0 as needed in our proof.
6.2. |K(F q )|, p(q) and the rational cohomology of K. Recall that the polynomial |K(F q )| has a factorization |K(F q )| = q r Π g i=1 (q di − 1) where d 1 , . . . , d g are degrees of basic Weyl group invariant polynomials for K with g = rank(K) and r is the total number of positive roots associated with K (see [5] ). Therefore the polynomial |K(F q )| encodes the information that describes the cohomology ring of K. This cohomology ring is well-known; it is an exterior algebra with g generators of degrees 2d i − 1. Furthermore, if we write the exterior algebra as H * (K; Q) = Λ(q d1 x 1 , . . . , q dg x g ), we obtain a filtration of cohomology by the powers of q that result. This filtration can be seen to correspond to a filtration by Frobenius eigenvalues in etale cohomology of K(k q ). We illustrate the relation between the polynomial |K(F q )| and cohomology with the examples of A 3 and G 2 :
Example 6.4. In the case of type A 3 , we have K = SO(4) and |SO(4; F q )| = q 2 (q 2 − 1)(q 2 − 1), i.e. d 1 = 2, d 2 = 2 (since SO(4) and SU (2) × SU (2) have the same Lie algebra, and for SU (2) we have d 1 = 2 associated to the Casimir operator). We consider then the exterior algebra with generators {q 2 x 1 , q 2 x 2 }. From here one can write the rational cohomology of K, and even more,Q m the etale cohomology of K(k q ) (with m = 2 a prime which is relatively prime to q), Figure 4 and the product x 1 ∧ x 2 corresponds to the longest element w * = [123121]. The graph in Figure 4 is derived from the blow-ups of the Toda lattice but it agrees with the graph of incidence numbers of G/B (by Theorem 3.6 or by p.529 of [7] ). These representatives have eigenvalues of Frobenius q 2 , q 2 and q 4 respectively.
